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Abstract
The 2D model of gravity with zweibeins ea and the Lorentz connection one-form
ω
a
b as independent gravitational variables coupled to 2d massless Dirac matter is
considered. It is shown that the classical equations of motion are exactly integrated
in the case of chiral fermions.
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1. The numerous recent attempts to formulate the theory of gravity in the framework
of a consistent gauge approach resulted in constructing the gauge gravity models for the
de Sitter and Poincare´ groups (for a review see, e.g., [1] ). The independent variables
are now vielbeins ea = eaµdx
µ and Lorentz connection one-form ωab = ω
a
b,µdx
µ. These
methods being applied in two dimensions, give us an dynamical description of 2D gravity.
It was argued that investigation of simple two-dimensional model leads to a better un-
derstanding of four-dimensional gravity and its quantization [2]. It was shown in [2] that
the Lagrangian L = γR2 + βT 2+ λ is the most general one quadratic in curvature R and
torsion T , and containing a cosmological constant λ. The classical equations of motion
for this type of two-dimensional gravity were analyzed in conformal gauge [3] and in light
cone gauge [4] and their exact integrability was demonstrated. The various aspects of
quantization of the model were recently considered in [5]. In ref.[6] was shown that the
formulation of the model on the language of differential forms is very useful. This allows
to find exactly the solution of vacuum gravitational equations using an appropriate (and
rather natural) coordinates on the 2D space-time. The resulting metric can be written in
the Schwarzschild-like form and describes asymptotically de Sitter black hole configura-
tion [6]. Using this method in [7] one proves the integrability of the general 2D Poincare´
gauge gravity with Lagrangian being an arbitrary (not necessary quadratic) function of
curvature and torsion and demonstrates that the field equations is again of the black hole
type.
The coupling with matter in general case breaks this exact integrability. One ex-
ceptional case noted in [6,7] is the 2D Yang-Mills field. In this letter we consider the
coupling the 2D Poincare´ gauge gravity with 2D massless Dirac fermions and show that
the resulting field equations are exactly integrated by means the method of ref.[6].
2. We begin with brief description the Poincare´ gauge gravity and Dirac spinors in
two dimensions 1 . In this letter we follow notations of paper [6]. The 2D gauge gravity
is described in terms of zweibeins ea = eaµdz
µ, a = 0, 1 (the 2D metric on the surface
M2 has the form gµν = e
a
µe
b
νηab, ηab = diag(+1,−1)) and Lorentz connection one-form
ωab = ωε
a
b, ω = ωµdz
µ (εab = −εba, ε01 = 1). The curvature and torsion two-forms are:
R = dω, T a = dea + εabω ∧ eb (1)
1The exhausted introduction to 2D Dirac spinors one can find in [7]
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With respect to the Lorentz connection ω one can define the covariant derivative ∇ which
acts on the Lorentz vector Aa as follows
∇Aa := dAa + εabω ∧ Ab
The Dirac matrices γa, a = 0, 1 in two dimensions satisfy the relations:
γaγb = ηab − εabγ5 (2)
where γ5 = γ
0γ1, (γ5)
2 = 1. The following identities are also useful:
γaγ5 + γ5γ
a = 0 (3)
and
γaγ5 = ε
a
bγ
b (4)
In further consideration we use explicit realization of γ-matrices:
γ0 =

 0 1
1 0

 γ1 =

 0 1
−1 0

 γ5 =

 −1 0
0 1

 (5)
The Dirac spinors in two dimensions have two complex components:
Ψ =

 ψ1
ψ2

 (6)
and under local Lorentz rotation (on angle Ω) transform as follows
Ψ→ Ψ′ = SΨ, Ψ¯→ Ψ¯′ = Ψ¯S−1 (7)
where the Dirac conjugated spinor is defined as Ψ¯ = Ψ+γ0. Matrix S realizing the spinor
representation of 2D Lorentz group is given by
S = cosh[
Ω
2
]− γ5 sinh[Ω
2
] (8)
One can see that components ψ1 and ψ2 transform independently:
ψ′1 = e
Ω
2 ψ1, ψ
′
2 = e
−
Ω
2 ψ2 (9)
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This means that left(right)-chiral spinors defined as
γ5Ψ = ∓Ψ (10)
give us the irreducible representations of the Lorentz group.
It is useful to define the covariant spinor derivative ∇ as differential operator acting on
the field Ψ considered as zero-form with values in two-dimensional complex spinor space:
∇Ψ := dΨ+ 1
2
ωγ5Ψ, ∇Ψ¯ := dΨ¯− 1
2
ωΨ¯γ5 (11)
This definition means that operator ∇ acts on spinor bilinear combinations, such as
Ψ¯Ψ, Ψ¯γaΨ, Ψ¯γ[aγb]Ψ, as usual covariant derivative on Lorentz scalar, vector and bivec-
tor correspondingly. One can see from (11) that spinor covariant derivative ∇ acts on
components of spinor field (6) as follows
∇ψ1 = dψ1 − 1
2
ωψ1 ; ∇ψ2 = dψ2 + 1
2
ωψ2
3. The dynamics of 2D gravitational (ea, ω) and fermion (Ψ) variables is determined
by the action:
S = Sgr + Sfer, (12)
where
Sgr =
∫
M2
α
2
∗ T a ∧ T a + 1
2
∗R ∧R − λ
4
εabe
a ∧ eb (13)
is standard action of 2D Poincare´ gauge gravity quadratic in curvature and torsion; ∗ is
the Hodge dualization and α, λ are arbitrary constants.
The action for 2D Dirac fermions in terms of differential forms can be written as
follows:
Sfer =
∫ ı
2
εabe
a ∧ (Ψ¯γb∇Ψ−∇Ψ¯γbΨ) (14)
Notice that in this letter we consider only the massless fermions. One can see that due
to identity (3) the Lorentz connection ω is dropped out from expression (14) and really
one can use the usual external derivative d instead of ∇ in (14).
Instead the curvature R and torsion T a two-forms let us consider the dual zero-forms
ρ = ∗R, qa = ∗T a.
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The variation of (12) with respect to the Lorentz connection ω and zweibeins ea gives
the following equations
dρ = −αqaεabeb (15)
∇qa = − 1
2α
Φ(ρ, q2)εabe
b + Ja, (16)
where q2 = qaqbηab. In (16) the following notation was introduced: Φ(q
2, ρ) = ρ2+αq2−λ.
The matter one-form Ja takes the form:
Ja = − ı
2
εab(Ψ¯γ
b∇Ψ−∇Ψ¯γbΨ) (17)
It should be noted that Ja = Jaµdx
µ is related with matter energy-momentum tensor:
Tµν =
1
2
(ε αµ J
a
αe
a
ν + ε
α
ν J
a
αe
a
µ).
Variation of action (12) with respect to fermion field Ψ gives equation:
(eaεabγ
b) ∧ (∇Ψ) = 1
2
T aεabγ
bΨ (18)
From (1) we obtain that
ω = ωˇ − qaea (19)
where ωˇ is torsionless part of the Lorentz connection:
dea + εabωˇ ∧ eb = 0 (20)
Using (19) and identity (4) the equation (18) can be rewritten as follows
(eaεabγ
b) ∧ (dΨ+ 1
2
ωˇγ5Ψ) = 0 (21)
i.e. the torsion is dropped in the Dirac equation. Taking the Hodge dualization of (21)
one can transform (21) to more standard form of the Dirac equation:
γµ(∂µ +
1
2
ωˇµγ5)Ψ = 0
where γµ = eµaγ
a.
Using the Dirac equation (21) one can show that one-forms Ja (17)satisfy following
identities:
Ja ∧ ea = 0, εabJa ∧ eb = 0 (22)
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Really (22) are consequences of invariance action (14) under local Lorentz and conformal
transformations correspondingly [8].
The components of the spinor field (6) can be written as ψi = e
χi, i = 1, 2, where
χ1 = β + ıv, χ2 = γ + ıu are complex fields. Then the one-forms J
a (17) take the form
J0 = [e2γdu− e2βdv], J1 = [e2γdu+ e2βdv], (23)
while the Dirac equation (18) reads
(e0 − e1) ∧ (ıdu+ dγ + 1
2
ω)eγ =
1
2
(T 0 − T 1)eγ
(e0 + e1) ∧ (ıdu+ dγ − 1
2
ω)eβ =
1
2
(T 0 + T 1)eβ (24)
4. Assume that the orthonormal basis {ea} takes the conformal-Lorentz form:
ea = eσ(nadτ − εabnbdx) (25)
where na, a = 0, 1 is unite Lorentz vector, n2 = nana = ±1. By means of diffeomorphism
transformations in two dimensions arbitrary basis {ea} always can be transformed to the
form (25).
The corresponding metric ds2 = ηabe
a
µe
b
νdx
µdxν takes the conformally flat form:
ds2 = n2e2σ(dτ 2 − dx2)
By means the identity
A ∧ ea = εabeb ∧ (∗A), (26)
where A is arbitrary one-form, we get for differential of (25):
dea = εab(− ∗ (dσ) + nαεαβdnβ) ∧ eb. (27)
Inserting (27) into (20) we obtain for ωˇ:
ωˇ = ∗(dσ)− naεabdnb. (28)
Assuming for definiteness that n2 = 1, components na can be written as n0 = cosh θ, n1 =
sinh θ. So we have that naεabdn
b = dθ. Under local Lorentz rotation on angle Ω variable
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θ transforms as θ → θ − Ω. So the last term in (28) is pure gauge part of the Lorentz
connection.
Substituting the expression (28) into the Dirac equation (21) and using identities (4)
and (26) we get
(eaεabγ
b) ∧ (d+ 1
2
dσ − 1
2
dθγ5)Ψ (29)
or in spinor components (6):
(e0 + e1) ∧ (d+ 1
2
dσψ1 +
1
2
dθ)ψ1 = 0
(e0 − e1) ∧ (d+ 1
2
dσψ1 − 1
2
dθ)ψ2 = 0 (30)
For basis (25) we have
(e0 ∓ e1) = e(σ∓θ)(dτ ± dx)
Taking this into account, the equations (30) are easily solved and we obtain for the
spinor field:
Ψ = e−
σ
2

 e−
θ
2 eıv(x
−)p(x−)
e
θ
2 eıu(x
+)f(x+)

 (31)
where v, p and u, f are arbitrary functions of the light-cone coordinates x− = τ − x and
x+ = τ + x correspondingly.
Thus the Dirac equation (18),(21), taken separately, is exactly solved in the conformal-
Lorentz gauge (25) and general solution takes the form (31). However, now one must put
the (31) in the gravitational eqs.(15),(16) and find the joint solutions of the coupled
gravity-Dirac system.
5. As in vacuum case [6], there are two types of solutions of eqs.(15)-(18). The first
one is characterized by that the torsion squared is zero, q2 ≡ 0. One can see from eqs.(15)-
(18) that it is possible only in the case when torsion is identically zero: qa ≡ 0, a = 0, 1,
the space-time has constant curvature 2 : ρ2 = λ, and the one-forms (17) vanish: Ja ≡
0, a = 0, 1.
If zweibeins are taken in the form (25) the constant curvature condition: ∗(dω) =
ρ = const, gives us the equation for conformal factor σ: ∗d ∗ (dσ) = ρ = const, which is
2Note that only if λ ≥ 0 there exists the constant curvature solution.
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equivalent to the Liouville equation:
2∂−∂+σ =
ρ
2
e2σ, (32)
where ρ = ±√λ. The general solution of the Liouville equation is well-known. By means
the coordinate changing it can be transformed to the form:
2σ = − ln(1− ρ
4
x+x−)2.
Correspondingly, we have for metric
ds2 =
dx+dx−
(1− ρ
4
x+x−)2
and for Lorentz connection (28):
ω =
ρ
4
1− ρ
4
x+x−
(x+dx− − x−dx+)− dθ
The one possible solution for the Dirac field is trivial, Ψ = 0, (eγ = eβ = 0). The
non-trivial Ψ with vanishing forms Ja (23) is given by (31) where u and v are constant
functions:
Ψ = (1− ρ
4
x+x−)
1
2

 e−
θ
2 eıvp(x−)
e
θ
2 eıuf(x+)

 (33)
6. Let us now assume that q2 6= 0 identically on 2D space-time. We begin the analysis
with the case when Ja = 0, a = 0, 1. Then the gravitational field equations (15), (16)
completely decouples from the Dirac equation (18). One sees from (23) that Ja vanish
if eγ, eβ are zero or/end the imaginary part of χi, u and v, are constant functions. The
gravitational equations reduce to the vacuum case. The general vacuum solution was
obtained in [6] (for more accurate definitions see [9]). It is essential that one uses the
variable ρ as one of the space-time coordinates. Introducing φ as additional, orthogonal
to ρ, coordinate, we can write the vacuum solution for the zweibeins:
ea = qae−
ρ
αdφ− 1
αq2
εabq
bdρ (34)
and for the Lorentz connection:
ω = − 1
q2
qaεabdq
b − α
2
(q2)′ρe
−
ρ
αdφ, (35)
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where q2 is known function of ρ:
q2(ρ) = − 1
α
(ρ+ α)2 + Λ + ǫe
ρ
α , (36)
where Λ = λ/α− α, ǫ is the integrating constant.
The corresponding metric
ds2 = q2e
−2ρ
α dφ2 − 1
α2q2
dρ2 (37)
was shown to describe the asymptotically de Sitter black hole configuration with ADM
mass proportional to ǫ. The zeros of q2 are points of the horizons [6].
It is worth observing that (34) takes the form (25) if we identify: na = q
a
q
, eσ = qe−
ρ
α ,
τ = φ, x =
∫ ρ e ρ′α
αq2(ρ′)
dρ′. For definiteness we assume that q2 > 0, then q ≡ √q2.
Indeed, in coordinates (φ, x) the metric (37) is conformally flat:
ds2 = q2(ρ)e−2
ρ
α (dφ2 − dx2) (38)
where ρ can be, in principle, expressed as function of x. Note again that the first term in
(35) is pure gauge: 1
q2
qaεabdq
b = dθ.
Since the solution of the Dirac equation (18), (21) for zweibeins taken in the form (25)
is already known (31), we obtain the following expression for the fermion field:
Ψ = q−1/2e
ρ
2α

 e−
θ
2 eıvp(x−)
e
θ
2 eıuf(x+)

 (39)
where u and v are constants, and x∓ = φ ∓ x. We see that Ψ (39) divergences at points
where q2 has zeros. Remember that these points are regular horizons of the vacuum
metric (37), (38). Nerveless, nothing singular happens at these points since the energy-
momentum tensor for the spinor configuration (39) is identically zero. The fermion field
Ψ also divergences at the point e−
ρ
α = 0, where the black hole singularity is located (see
[6]), while it tends to zero, Ψ→ 0, if e− ρα →∞.
7. Let us assume that q2 6= 0 identically on 2D space-time. The fermion action (14) is
invariant under (global) chiral (γ5) transformations: Ψ→ Ψ′ = exp[µγ5]Ψ. Therefore for
simplicity we may restrict ourselves by consideration only the fermions of fixed chirality:
γ5Ψ = Ψ.
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In this case the fermion field has only one non-zero component: ψ1 = 0, ψ2 = e
χ,
where χ = γ + ıu is complex field.
Then only the first of equations (24) is non-trivial. It gives us, in particular, that
du ∼ (e0 − e1). In Lorentz invariant form it can be written as follows:
qae
a − qaεabeb = Bdu, (40)
where B is still unknown scalar function. As it is seen from (9), only the real part of χ
transforms under Lorentz group: γ → γ − Ω
2
. So the imaginary part, u, is Lorentz scalar.
One can see from (15) and (40) that variables ρ and u can be naturally chosen as
coordinates on 2D space-time. Then basis of one-forms ea is expressed in terms of (dρ, du):
ea =
qa
q2
(−dρ
α
+Bdu)− 1
αq2
εabq
bdρ (41)
The metric ds2 = ηabe
a
µe
b
νdx
µdxν correspondingly takes the form:
ds2 =
1
q2
(Bdu− dρ
α
)2 − 1
α2q2
dρ2 (42)
In terms of the field χ = γ + ıu the one-form Ja (23) has the components:
J0 = J1 = e2γdu
It is convenient to introduce the one-form
J =
2
q0 + q1
e2γdu
Assuming for definiteness that q2 > 0 let us introduce variable θ: q0 = q cosh θ, q1 =
q sinh θ, q ≡ √q2. Then we have for J :
J =
2
q
e2γ−θdu
Under local Lorentz rotation on angle Ω variable θ transforms as: θ → θ − Ω. So the
combination (2γ − θ) is really Lorentz invariant.
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Multiplying eq.(16) on qa and qbεba separately we obtain equations:
dq2 =
Φ
α2
dρ+ q2J (43)
ω + dθ = − Φ
2αq2
qae
a +
1
2
J (44)
where we used that 1
q2
qaεabdq
b = dθ. The Lorentz connection ω with respect to Lorentz
rotations transforms as ω → ω + dΩ. So that (ω + dθ) is again Lorentz invariant. The
eq.(43) gives us q2 as function of ρ and u, while (44) is equation on the Lorentz connection
ω. The (43) is equivalent to
∂ρq
2 =
Φ
α2
(ρ, q2), ∂uq
2 = 2qe2γ−θ (45)
It follows from the first eq.(45) that q2 as function of ρ has the same form as in vacuum
case [6] (see eq.(36)). However, the ǫ now is function of u, ǫ = ǫ(u), which is found from
the second eq.(45). Taking into account that ∂uq
2 = ∂uǫe
ρ/α we get
∂uǫ = 2qe
−ρ/αe2γ−θ (46)
Since the left hand side of eq.(46) is function of only variable u we obtain that (2γ − θ)
must have the following form:
2γ − θ = − ln q + ρ
α
+ 2 ln f(u), (47)
where f(u) is an function of variable u related with ǫ(u) by means of equation:
∂uǫ = 2f
2(u). (48)
Acting now by external differential d on both sides of eq.(40) we obtain:
B′ρdρ ∧ du = (
Φ
α
− q2)V + Ja ∧ ea − εabJa ∧ eb (49)
From (41) we have dρ ∧ du = α
B
q2V . Then using (22) and (45) the eq.(49) gives us the
equation on function B:
B′ρ
B
=
1
q2
∂ρq
2 − 1
α
(50)
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From this we finally find:
B = B0(u)q
2e−
ρ
α (51)
where B0 is an arbitrary function of u. Now inserting (51) into eq.(44) we obtain the
expression for the Lorentz connection:
ω + dθ = −α
2
∂ρq
2e−
ρ
αB0(u)du+
1
2q2
∂ρq
2dρ+
1
q2
e
ρ
αf(u)du.
Taking into account eq.(48) we finally obtain
ω + dθ = −α
2
∂ρq
2e−
ρ
αB0(u)du+
1
2
d(ln q2) (52)
It should be noted that modulo exact forms this expression for ω takes the same form as
in vacuum case [6] (see (35)).
Now it is easy to check the self-consistency condition: ∗(dω) = ρ. Really this procedure
is the same as in vacuum case.
Let us again consider the Dirac equation (24). It is easy to see from (41) that
e0 − e1 = B0qe−
ρ
α e−θdu
Inserting this and eq.(52) into the first equation (24) we obtain
B0e
−
ρ
αdu ∧ (dγ − 1
2
dθ +
1
2q
∂ρqdρ) = −1
2
V (53)
Using the obtained expressions for γ (47) and eq.(48) we obtain that (53) holds identically.
This completes the proof of exact integrability of equations (15)-(18). The complete
solution is given by expression
ea =
qa
q2
(−dρ
α
+ q2e−
ρ
αB0du)− 1
αq2
εabq
bdρ
for zweibeins; expression (52) for the Lorentz connection ω and
Ψ = q−1/2e
θ
2 e
ρ
2α

 0
eiuf(u)

 (54)
for the chiral fermion field. The q2 is known function of ρ and u:
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q2(ρ) = − 1
α
(ρ+ α)2 + Λ + ǫ(u)e
ρ
α ,
where
ǫ(u) = 2
∫ u
f 2(u′)du′
Note that up to this moment everything was Lorentz invariant. As result, the general
solution depends on arbitrary field θ that is reflection of underlying Lorentz symmetry.
Now one can fix the gauge, say θ = 0 (see [9]).
The solution also depends on arbitrary function f(u) which is not determined from
the field equations and is found from initial conditions for fermion field.
In the case when fermions of both chiralities present the eqs.(15)-(18) can be integrated
in the same manner taking the imaginary parts, u and v, of the spinor components (see
(31)) as light-cone coordinates. However, solution takes more complicated form.
8. The sense of found solution becomes more transparent if we consider δ-like impulse
of fermion matter:
f 2(u) =
E
2
δ(u− u0), E > 0 (55)
Then equation (48) is easily solved:
ǫ(u) = ǫ0 + Eθ(u− u0) (56)
where θ(x) is step function. In regions u < u0 and u > u0 taken separately the function
ǫ(u) is constant and one can consider here new variable v:
v = u−
∫ ρ 2e ρ′α
αq2(ρ′)
dρ′ (57)
Then in coordinates (u, v) the metric (42) takes the vacuum conformally flat form (38):
ds2 = q2e
−2ρ
α dudv (58)
For u < u0 we have vacuum black hole solution (34)-(38) with mass ǫ = ǫ0. The fermion
impulse with energy E falls into this space-time at u = u0 along v-direction. In result,
for u > u0 we again obtain vacuum black hole solution but with mass ǫ = ǫ0 + E.
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It was shown in [6] that the space-time structure of the vacuum solution (34)-(38)
essentially depends on value of the constant ǫ. The falling of the fermion matter leads to
re-construction of initial vacuum accordingly to new value of ǫ. It should be noted that
in this aspect the found solution is similar to that of the 2D dilaton gravity coupled with
scalar (conformal) matter [10]. However, there are some essential differences. The flat
space-time is one of solutions in 2D dilaton gravity. The falling of the scalar matter into
the flat space-time leads to formation of the black hole. In the case under consideration
there is no such a solution describing the black hole formation from regular space-time
(in our case it is the de Sitter one) due to fermion matter. The ”bare” vacuum black hole
configuration is necessary. The reason is that the vacuum constant curvature solution is
not obtained from the black hole one (34)-(38) for an value of integrating constant ǫ, i.e.
these solutions are not parametrically connected 3 . Instead, in 2D dilaton gravity [12]
the flat space-time is obtained as zero mass black hole solution.
9. In conclusion, we studied the 2D Poincare´ gauge gravity coupled to 2D massless
Dirac fermions and showed that the classical equations are exactly integrated. As in
vacuum case, there are two types of solutions. The solution of the first type is space-time
of constant curvature (ρ2 = λ) and zero torsion, qa = 0, a = 0, 1. The corresponding
fermion field can take trivial (Ψ = 0) and non-trivial configurations. The solution of
second type is characterized by that torsion is not identically zero. The space-time is of
the black hole type with mass dependent on in-coming fermion matter energy.
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